Despite being the archetypal thermoelectric material, still today some of the most exciting advances in the efficiency of this materials are being achieved by tuning the properties of PbTe. Its inherently low lattice thermal conductivity can be lowered to its fundamental limit by designing a structure capable of scattering phonons over a wide range of length scales. Intrinsic defects, such as vacancies or grain boundaries, can and do play the role of these scattering sites. Here we assess the effect of these defects by means of molecular dynamics simulations. For this we purposely parametrize a Buckingham potential that provides an excellent description of the thermal conductivity of this material over a wide temperature range. Our results show that intrinsic point defects and grain boundaries can reduce the lattice conductivity of PbTe down to a quarter of its bulk value. By studying the size dependence we also show that typical defect concentrations and grain sizes realized in experiments normally correspond to the bulk lattice conductivity of pristine PbTe.
Despite being the archetypal thermoelectric material, still today some of the most exciting advances in the efficiency of this materials are being achieved by tuning the properties of PbTe. Its inherently low lattice thermal conductivity can be lowered to its fundamental limit by designing a structure capable of scattering phonons over a wide range of length scales. Intrinsic defects, such as vacancies or grain boundaries, can and do play the role of these scattering sites. Here we assess the effect of these defects by means of molecular dynamics simulations. For this we purposely parametrize a Buckingham potential that provides an excellent description of the thermal conductivity of this material over a wide temperature range. Our results show that intrinsic point defects and grain boundaries can reduce the lattice conductivity of PbTe down to a quarter of its bulk value. By studying the size dependence we also show that typical defect concentrations and grain sizes realized in experiments normally correspond to the bulk lattice conductivity of pristine PbTe.
I. INTRODUCTION
The utilization of a temperature gradient to create an electrical current through the Seebeck effect has long been seen as a potentially revolutionary way of producing energy. Nowadays, efforts to improve the performance of thermoelectric materials are mostly motivated by the possibility of using them to convert waste heat into usable energy 1 . Unfortunately the efficiency of currently available thermoelectric materials is typically too low for any but a handful of real-life niche applications as recently reviewed by Champier.
2 They are ideal as compact and robust solid state generators for applications requiring very high reliability, such as space satellites and probes 3 . The thermodynamic efficiency of a thermoelectric is measured by its dimensionless figure of merit, ZT , defined as
where S is the Seebeck coefficient, σ is the electrical conductivity and κ is the thermal conductivity due to both electrons and phonons. For any practical application it is typically considered that ZT must be close to or larger than 1, with reports of ZT > 2 considered as breakthroughs in the field. One of the most studied and used materials for thermoelectric applications is lead telluride, PbTe. This small gap semiconductor possesses a remarkable figure of merit at intermediate temperatures even in its pristine form (∼ 0.8 at 700 K) 4 . The high performance of PbTe is largely due to its low lattice thermal conductivity, with κ lat ∼ 2 Wm −1 K −1 at 300 K 4 , which in turn stems from peculiarities in the phonon dispersion and scattering properties of the material. Inelastic neutron scattering experiments 5 as well as first principles calculations [6] [7] [8] have shown that the lattice dynamics of this material is characterized by a strong anharmonic coupling between the longitudinal acoustic (LA) and transverse optical (TO) branches. This coupling leads to an anomalously large dependence of the TO mode frequency on the volume 6 and, more importantly, to a strong damping and lowering of the LA branch 5, 7 . This, together with the relatively low group velocity of transverse acoustic (TA) modes 9 , are two of the main reasons behind the characteristically low values of κ lat of PbTe.
Efforts to increase the intrinsic thermoelectric performance of PbTe-based materials have led to record-high values of the figure of merit. Strategies oriented towards tuning the electronic structure of the system have produced samples with ZT values in excess of 2. Such strategies include populating the high-multiplicity Σ hole pockets via Na-doping 10 , introducing resonant defect levels by Tl-doping, 11 or using a combination of alloying with SeTe and Na doping in order to align the Γ and Σ holepockets
12 . An alternative approach is to tackle the lattice contribution to the thermal conductivity. The preferred approach in this case has typically been the use of nanostructuring [13] [14] [15] as a means to scatter phonons over a wide range of length scales. Recently the possibility of driving the material closer to the ferroelectric phase transition by alloying with GeTe has been proposed as a method to enhance the LA-TO scattering rates 16, 17 . Despite the great attention devoted to PbTe, the role of intrinsic defects on its thermal transport properties has been scarcely investigated. Experimentally, this is partly due to the difficulty in controlling and estimating the concentrations of neutral and stoichiometric point defects which, according to calculations 18 and experiments 19 , may actually be the most common in the pure material. First-principles simulation studies, on the other hand, have addressed the energetics 20, 21 and electronic properties 18, 21 of point defects, but their influence on the lattice dynamics as well as the role of other types of intrinsic defects such as grain boundaries are still difficult to tackle within this framework. The difficulty in minimizing the lattice contribution to the thermal conductivity lies in the very wide range of time and length scales arXiv:1811.09319v1 [cond-mat.mtrl-sci] 22 Nov 2018 of the processes involved. As such, one of the essential theoretical tools to investigate these materials is molecular dynamics simulation (MD). Classical MD simulations have been used before to explore thermal transport in PbTe and the effect of different strategies aimed at reducing the lattice conductivity. In Ref. 22 , an effective Coulomb potential fitted to reproduce experimental lattice parameters was employed to study the effect of alloying PbTe with the ferroelectric materials SnTe and GeTe, showing a remarkable decrease in lattice thermal conductivity. This result is in agreement with later density functional theory (DFT) calculations which showed that the decrease was the result of the softening of the TO modes of the material and the consequent enhanced scattering of acoustic phonons 16 . A Coulomb-Buckingham potential developed by Qiu et al., which was fitted to reproduce the Murnhagan equation of state of bulk PbTe obtained with DFT, shows a significant reduction of κ lat when relatively large concentrations of vacancies (> 2 · 10 −3 ) are introduced in the system 23 . The same potential was also utilized to investigate the effect of twin boundaries on the thermal transport in PbTe 24 . In Ref. 25 a combination of classical and ab initio MD was used to determine the effect of the strong anharmonicity of vibrations in PbTe on the electronic structure of the material and therefore on its thermoelectric figure of merit. The anomalous lattice dynamics observed in neutron diffraction experiments 26 was also interpreted as the result of a very large anharmonicity in short-range interactions 7, 27 . This investigation was carried out using MD simulations with interatomic force constants (IFC) computed with DFT. The same methodology was used to investigate thermal conductivity in PbTe, PbSe and PbTe 1−x Se x 7,28 . However, even ab initio methods have difficulties, arising from the non-trivial temperature dependence of the potential energy surface, to quantitatively predict the thermal properties of these materials from zero-temperature IFC, as pointed out by Romero et al. 29 using a more sophisticated method, consisting in the sampling of the temperaturedependent IFC through fully ab initio MD simulations.
Despite their important contributions to the understanding of lattice thermal conductivity in PbTe, all currently available classical potentials 22, 25, 30 tend to overestimate the lattice thermal conductivity of the bulk material (see Fig. 1 ) and therefore lack quantitative predictive power. This overestimation has been attributed to the extra scattering provided by defects and grains boundaries in experimental samples 23 . However, the calculation of the contribution arising from these mechanisms for realistic defect concentrations has never been tackled and, therefore, remains at the level of speculation.
Available force fields have been fitted to reproduce the structure and some mechanical properties of the material. Instead, we develop a Coulomb-Buckingham potential that reproduces also features of the phonon dispersion of PbTe, hence improving the values of thermal conductivity. We then use this potential to study, via MD simulations, the influence of defects on the thermal conductivity of PbTe under realistic conditions. We consider vacancies, interstitial atoms, and grain boundaries.
II. MOLECULAR DYNAMICS SIMULATIONS OF BULK LEAD TELLURIDE
Various classical interatomic potentials have been proposed for this material at intermediate temperatures 22, 23, 25 . They were all obtained by fitting structural properties and, when the size of the simulation box is converged, they all tend to overestimate the lattice thermal conductivity by ∼ 50%. More sophisticated methods such as ab initio MD or dynamics based on ab initio interatomic force constants usually perform better, but at a much larger computational cost that prevents the simulation of materials with realistic defects.
Here we propose a new parametrization of a CoulombBuckingham potential fitted to reproduce a selection of phonon frequencies, structural, and mechanical properties of PbTe. This choice is dictated by our aim of improving on thermal transport properties over currently available models. The expression of the CoulombBuckingham potential is
where the parameters q i are the effective ionic charges, A ij and ρ ij control the hardness of the repulsive barrier and C ij modifies the short-range attractive part. Note that this potential, best suited for ionic systems, is repulsive between equal elements, whereas the interaction is attractive between different elements, as expected. This is largely thanks to the presence of the Coulomb term, in which the charges were included as fitting parameters in the model. The fitting procedure was performed using GULP code 31, 32 . We used the optical phonon frequencies in order to capture the anomalous behavior of TO modes and to restrict the frequency range of the phonon dispersion. Since the LO-TO splitting cannot be properly reproduced with this type of potential we chose the frequencies at the X-point in the Brillouin zone (zone boundary) as a reference. In addition to this we fitted the bulk lattice parameter and the elastic constants C 12 and C 44 . Structural and mechanical properties were taken from experiment, while the phonon frequencies were obtained from density functional perturbation calculations as implemented in the Quantum Espresso package 33 . Details of this calculation can be found in 34 . The parameters of the resulting potential are listed in Table I . The potential is benchmarked against a selection of fitted and non-fitted phonon frequencies and structural and mechanical properties in Table II . As expected, a good agreement was obtained for the fitted physical properties. More importantly, a good agreement was also obtained for some non-fitted properties such as the TA phonon frequency at X and the sound velocity of LA phonons. However, we found that a compromise had to be made, since the prediction of the bulk modulus, shear modulus and thermal expansion coefficients was not as accurate as desired. Lattice thermal conductivities of bulk PbTe were calculated using the Green-Kubo method applied to equilibrium MD simulations 37, 38 , except for the simulations of single grain boundaries, see Sec. III B. MD simulations were carried out using the LAMMPS code 39,40 for a 10 × 10 × 10 simulation box, using an integration time step of 3 fs. The structure was first simulated in the NVT ensemble for 750 ps to ensure equilibration, and then the heat current was extracted from the following 9 ns. This time was increased in cells including defects in order to ensure convergence.
As shown in Fig.  1 we obtained excellent agreement with experiments for the temperature interval of 300-800K, which is the range of interest for this material. Our parametrization clearly improves over the previously available classical potentials, producing a curve as good as the one obtained with more sophisticated methods, such as the MD based on ab initio IFC 7, 27 . It is important to remark that the two sets of experimental thermal conductivities reported in Another benchmark can be made against the Grüneisen parameter, γ. At high temperature it can be assumed than anharmonic phonon-phonon interactions dominate phonon scattering, and hence the lattice thermal conductivity can be expressed as 42, 43 
whereM is the average atomic mass, θ is the Debye temperature, δ 3 is the volume per atom, and n is the number of atoms in the primitive cell. WhenM is expressed in atomic mass units, δ inÅ and the thermal conductivity in W m −1 K −1 , the constant A 42 takes the value ≈ 3.04 · 10 −6 . Fitting the red curve in Fig. 1 with expression (3) we obtain a Grüneisen parameter γ ≈ 2.1, close to the experimental value of 2, 44 thus confirming the good performance of this new potential in reproducing the lattice thermal properties of bulk PbTe over a wide range of temperatures.
III. STRATEGIES TO REDUCE THE LATTICE THERMAL CONDUCTIVITY
Since the seminal works of Dresselhaus and coworkers, 45, 46 nanostructuring has been the preferred strategy to enhance the scattering of phonons and hence decrease the lattice thermal conductivity, thus providing an effective strategy to improve the figure of merit of thermoelectric materials. Refinements of this approach, in which defects of different length scales are introduced in order to scatter phonons with a wide range of mean free paths, have led to record high values of ZT up to 2.
14,15 Interestingly, this was achieved by controlling vacancy concentration and grain size. These two are defects that, under control or not, are always present in the sample. In the following sections we report on simulations carried out with the present model to determine the effect of defects on the lattice thermal conductivity. Please note that from here on we will focus exclusively on the lattice contribution to the thermal conductivity and therefore we will drop the subscript and denote it simply as κ, which should not to be confused with the total lattice thermal conductivity, including also the electronic contribution.
A. Point defects
Here we examine the effect of point defects on the thermal conductivity in bulk crystalline PbTe using MD simulations and the potential introduced in Sec. II. Intrinsic point defects in a crystal can be vacancies, interstitials or a combination of these (e.g. Frenkel defects). In PbTe, a relatively small deviation from stoichiometry would result in large concentrations of free charge carriers, something that would be detrimental for the thermoelectric efficiency, and is known to produce aggregates of the excess element in a nearly stoichiometric matrix 19 . Therefore stoichiometric defects are probably the most abundant in this material, 18, 19 and we therefore decided to focus our attention on these.
We first analyze the effect of vacancies by removing atoms from random positions while preserving the stoichiometry of the crystal. The dependence of the lattice conductivity with the concentration of these defects can be seen in Fig. 2 . We observe that at relatively high temperatures (500 K) the conductivity remains approximately constant over a wide range of vacancy concentrations and it only starts decreasing exponentially for concentrations larger than 10 −3 . When this happens though, the decrease in conductivity is very pronounced, dropping by ∼ 50% for a concentration of ∼ 10 −2 . Conversely, at lower temperatures such as room T , we find that the effect of vacancies kicks in at much lower concentrations. This dependence can be understood by comparing the results with the predictions of a classical model of a Debye solid. According to the model described in Ref.
47 the conductivity of a crystal in the presence of point defects should follow the following law
where κ 0 is the conductivity of the pristine crystal, ω D is the Debye frequency and ω 0 is defined as the frequency at which the relaxation time of the point defect scattering is equal to the intrinsic one from three-phonon scattering processes in the Debye model. The effect of defect concentration enters in Eq. 4 through ω 0 = AT 1/2 −1/2 , where A is a constant dependent on the properties of the material and extrinsic scattering mechanism 47 and is a measure of mass disorder, defined as
with c i and M i the concentration and mass of every atomic species in the system, and N s the number of different atomic species. The computed values of the conductivity as a function of the concentration of vacancies were fitted using expression (4), using only A/ω D as a fitting parameter. The fitted curves in Fig. 2 (solid lines) show that the observed behavior is fully accounted for by the model and that the convergence of curves for different temperatures is the result of scattering by defects becoming the dominant mechanism for thermal resistivity at high defect concentration. We also explored the effect of interstitial defects, shown in Fig. 3 . In this case we also maintain the stoichiometry of the material, adding an equal number of Pb and Te atoms. For the same concentration of interstitial defects as in the case of vacancies, the model described by Eq. (4) predicts a similar decrease in thermal conductivity. This is expected since in both cases, for c << 1, we have ∼ c. However, we find that in our MD simulations we cannot reach concentrations of interstitial defects large enough to see the dramatic drop in conductivity observed in the case of vacancies. In reality, large concentrations of interstitials are not expected anyway, since their formation energy is significantly larger than that of other kinds of defects 18 . 
B. Grain boundaries
Another common type of defect always present in a real sample are grain boundaries. These planar defects act by scattering phonons of much longer mean free paths, thus complementing the effect of point defects at the shorter scales. In fact, controlling the size of the grains is one of the strategies exploited in the multiscale approach to decreasing the lattice thermal conductivity in PbTe and related materials.
14,15 Despite reaching thermal conductivities with ZT≈ 2, nanostructuring has also its downfalls. Under operation, aging leads to grain coarsening with the consequent decrease in conductivity. 48 It is therefore useful to determine the region of grain sizes for which the bulk thermal conductivity is recovered.
In this section we report on simulations of polycrystalline PbTe carried out in order to assess the effectiveness of phonon scattering by grain boundaries. Polycrystalline simulation cells are generated by placing n equally spaced grain seeds on the surface of the simulation box using the ATK-ForceField toolkit 49 . Then f cc lattices with the orientations of the seeds are grown towards the center of the box, leading to n grains of homogeneous size and allowing for a compact packing of these grains. An example of the resulting structure can be seen in Fig.  4 . We have studied samples with a number of atoms ranging from 18,182 to 1,016,167, corresponding to sizes between 2.68 and 20.47 nm. For the largest samples we have considered n = 4, while for the smaller ones we used simulation cells with a number of grains between 4 and 32. We also conducted simulations with the same number of grains but different grain size, by varying the volume of the sample.
The conductivity of the polycrystalline simulation cells as a function of the grain size is displayed in Fig. 5 for room temperature and 500 K. The plot shows how the conductivity of the polycrystaline material is drastically reduced with respect to the bulk value in the range of grain size accessible in our simulations (up to a million atoms).
These data have been fitted to a simple serial model. The original model, proposed in Ref. 50 , was extended in Ref.
51 in order to include the effect of the truncation of the mean free path of phonons due to the finite size of the grains. In addition to this, here we incorporate into the model the finite width of the grain boundary, which had been neglected in previous works, in order to recover the correct limit as the size of the grains tend to zero:
In the formula above, κ eff is the effective conductivity of the polycrystalline material, κ b is the bulk conductivity, Λ b is the bulk effective phonon mean free path, d is the average size of the grains, δ is the effective width of the boundary and R K is the Kapitza resistance of the interface. For the fitting we used the values Λ b = 7.38 nm and 5.10 nm for 300 K and 500 K, respectively, obtained from bulk calculations using the direct method 52 (see below). It is worth noting that since we are sampling precisely the range of sizes in which boundaries become the dominant scattering mechanism, including the finite size of the interfaces proved necessary to obtain a reasonable fit. By neglecting this contribution one misses the plateauing of the conductivity at very small sizes, as shown in the inset of Fig. 5 . From the fits shown in Fig. 5 we obtain values of (7.3 ± 1.5) · 10 −9 m 2 K/W and (10 ± 6) · 10 −9 m 2 K/W for the interface resistance at 300 K and 500 K, respectively. Despite the large uncertainty of these values, the fit suggests that the interface resistance does not depend very strongly on the temperature, result that is supported by the simulations of single grain boundaries described below. Due to the relatively large spread of points in Fig. 5 the error for the effective width of the boundaries is quite large, with values of 2.8 ± 0.8 nm and 6 ± 4 nm for 300 K and 500 K respectively. From the fits to the model one can extrapolate that the conductivity of the polycrystalline material starts drifting away from the bulk value for grains with d < ∼ 1µm at 300 K and d < ∼ 200 nm at 500 K. On the other end, for small grain sizes, with d < ∼ 10 nm, our simulations suggest that the conductivity saturates at a value of ∼ 0.5 W m −1 K −1 , independently of temperature.
In order to gain more insight into the thermal transport properties of the grain boundary we also performed simulations of a single interface between two grains. In this case we used the direct method 52 to calculate the lattice thermal conductivity along the direction perpendicular to the boundary between 2 f cc regions. In the direct method, the thermal conductivity is computed by determining the steady-state temperature gradient at a fixed external heat current between a heat source and heat sink of finite width, defined within the simulation cell. Using an MD time step of 1 fs, the system was first equilibrated in the NVT ensemble for 200 ps and then under NVE conditions for 200 ps. At this point the heat source and sink were switched on and the MD simulation continued in the NVE ensemble for 1 − 5 ns, depending on the cell size, until reaching a stable temperature profile. The process was repeated for different box lengths ranging up to 130 nm.
The scattering processes at the heat source and sink are expected to contribute very significantly to the thermal conductivity. This effect could be ignored if the simulation cell is longer that the phonon mean free path, but this is often not the case. Fortunately, the fact that the finite-size simulation cell acts independently from other scattering mechanisms allows us to consider the dependency of the conductivity on the cell length, L, according to 52 :
were κ b is the lattice thermal conductivity in bulk and l b is the mean free path in bulk. Performing simulations for various cell lengths and using Eq. In the presence of a grain boundary, a temperature jump an the interface is present and this formula needs to be modified as
Using the values of κ b and l b calculated in the bulk simulation with the direct method, the magnitude of the interface thermal resistance R K can be extracted from calculations at various lengths of the simulation cell. In addition to Eq. (8), the interface thermal resistance can be computed from the temperature drop at the boundary, ∆T as
where J is the constant heat flux imposed between the heat source and sink. We have confirmed that both methods yield the same value of R K (within error bars).
We have performed calculations to obtain the grain boundary resistance as a function of the tilting between the two bulk regions. One of the regions is terminated on a [100] surface, which according to density functional theory calculations is the most stable surface in PbTe 54 . The crystal structure in the other grain is rotated with respect to the reference one around an axis either perpendicular to the interface (Fig. 6 ) or parallel to it (Fig.  7) . The interface between the two regions is allowed to equilibrate before the non-equilibrium simulation is performed.
In Fig. 6 and 7 we plot the values of the thermal resistance of the boundary as a function of the angle for the two types of relative orientation. We observe that for a rotation around an axis perpendicular to the interface grows almost linearly with the angle to a maximum value of ∼ 10 −8 m 2 K/W at 45
• . Instead, in the case of a tilting around an axis contained in the boundary plane, the interface resistance grows much more rapidly with the mismatch angle, and reaches the maximum value of, again, ∼ 10 −8 m 2 K/W for angles > ∼ 20
• . In both cases we see a negligible difference between results at 300 and 500 K, in line with the results of the polycrystalline simulation.
IV. DISCUSSION
The concentration of intrinsic point defects can be estimated from electrical transport methods 19 and optical measurements 55 . Reported values in experimental samples typically range from 10 −5 to 10 −3 . It should be noted that 10 −3 is also roughly the limit of a deviation from stoichiometry that can be reached before precipitates of the excess element begin to form 19, 20, 56 . In view of our results of Sec. III A, this suggests several observations. On the one hand, control over growth conditions should permit accessing the onset of the drop of conductivity playing with intrinsic defects alone. However, the benefits of this is limited to low temperature applications, since at high temperatures this kind of defects would attain much lower equilibrium concentrations 18, 20 . On the other hand, dopants can be introduced in concentrations of up to few percent without disrupting the structure of PbTe 10, 14 , and the reduction in lattice thermal conductivity obtained in Fig. 2 agrees well with the results reported for extrinsic dopants 10, 14, 15 . Our simulations of polycrystalline PbTe show that extremely low conductivity values can be reached for grain sizes in the range of the nanometers. Experimentally though, these grain sizes are very difficult to reach. In fact, it has been determined that down to a fraction of a micrometer the lattice thermal conductivity remains unaffected by grain size 57, 58 , and that the effect of grain size starts to become noticeable for sizes of a few tens of nanometers 59, 60 . In macroscopic samples, smaller grains cannot survive the working temperatures of a thermoelectric material. However the regime we explore in Sec. III B can be accessed in thin polycrystalline thin films. Indeed, for Bi 2 Te 3 thin films with grains down to 1 nm in size a drop in conductivity of about 80% has been measured 61 . Importantly, for future applications of the force field proposed here and for the development of future parameterizations, our results show that the intrinsic bulk conductivity of PbTe is accessible in experiments. The role of defects has been invoked sometimes to explain the disagreement between MD simulations and experimental results, but we have demonstrated here that most abundant defects only play a role in extreme regimes and that most experimental reports of the bulk PbTe lattice conductivity do really probe the intrinsic bulk value.
V. CONCLUSIONS
We have calculated the lattice thermal conductivity of PbTe containing the most common types of intrinsic defects. For this we have presented a new parametrization of a Coulomb-Buckingham potential that reproduces very accurately the evolution of the lattice thermal conductivity over a wide range of temperatures. Using this potential we found that both the presence of vacancies and grain boundaries can separately reduce the value of the thermal conductivity to ∼ 0.5 W/mK. In the regimes of high density of point or planar defects the conductivity becomes practically independent of temperature, as predicted by phenomenological models. Extrinsic defects, such as dopants or precipitates are know to have a similar effect, but they may interfere with the electronic properties of the system. Although this interference can sometimes be used to our advantage, the results of this work provide complementary strategies to optimize the performance of thermoelectric devices. Finally, our study demonstrates that experimental values of the conductivity available in the literature do correspond to the bulk value, since the effect of imperfections only becomes noticeable at relatively high concentrations of point defects and grain boundaries. This highlights the importance of having a classical potential capable of reproducing accurately the conductivity of the bulk material, something that has to be taken into consideration when developing new parameterizations.
